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where 1 1ijρ− ≤ ≤  , as depicted in the following sketch. 

 
 
12.10  Frequency-Domain Continuous Gust Response  
 

The frequency response functions of the vehicle states are calculated by Eq. 12.30 with one input parameter 
wG=1.  Any required response parameter can then be obtained by  
 

[ ]{ }( ) ( )R R vy i C X iω ω=     (12.60) 
similarly to  Eq. 12.52. 
 
The PSD function of the response parameter can then be calculated by 
 

2( ) ( ) ( )
R Gy R wy iω ω ωΦ = Φ      (12.61) 

 

where ( )
Gw ωΦ  is the gust PSD function, Eq. 12.41 or 12.44.  The associated RMS value of the response can be 

calculated by  
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Chapter 13 
 

FORMULATION OF THE STATIC 
AEROELASTIC/TRIM ANALYSIS 

 
 
The functionality of the static aeroelastic/trim analysis is to generate the distributed flight loads on a flexible 
aircraft for subsequent detailed structural/stress analysis.  Under a given flight maneuver condition, the 
distributed flight loads are the difference between the distributed aerodynamic forces and the distributed inertial 
loads: 
 
 [ ]{ } { } { }Ia FFXK −=  (13.1) 
 
where 
 
 [ ]K  is the structural stiffness matrix 
 { }X  is the structural deformation vector 
 and { }aF  and { }IF  are the distributed aerodynamic forces and the distributed inertial  

forces, respectively. 
 
The left-hand-side of Eq 13.1 represents the internal forces that determine the stresses in the structure.  The 
distributed aerodynamic forces consist of two parts, the incremental aerodynamic feedback forces due to 
structural deformation { }fF , and the aerodynamic forces on a rigid aircraft { }RF , i.e.,  
 
 { } { } { }a f RF F F= +  (13.2) 
 
The incremental feedback forces (or the so-called “incremental flexible forces”) can be related to the structural 
deformation by the aerodynamic influence coefficient matrix (AIC) as follows: 
 
 { } [ ] [ ][ ]{ } [ ]{ }XXGGFf AICqAICq ∞∞ ==  T  (13.3) 
 
where [ ]G  is the spline matrix (defined in Section 6.0) that relates the displacements at the structural grids to 
the aerodynamic grids.  Note that the AIC matrix can be generated by the unsteady aerodynamic methods such 
as ZONA6, ZONA7, ZTAIC, and ZONA7U, but at zero reduced frequency. [ ]AIC  is the AIC matrix defined at 
the structural grids. 
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The aerodynamic forces on a rigid aircraft (or the so-called “rigid aerodynamic forces”) are a function of the 
trim variables, i.e. 
 
 { } ( ) [ ] { } { }a

a
fa

a
fGFF RR        ,...,,,,,  T
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where 
 
 α is the angle-of-attack 
 β is the side-slip angle 
 p, q and r are the roll, pitch, and yaw rates, respectively 
 iδ  represents the deflection angle of an i’th control surface 
 
The vector { }a  represents the trim variables { } { },...,, pβα=a  and the matrix 

⎥⎦
⎤

⎢⎣
⎡
∂
∂
a
f  contains the aerodynamic 

force derivatives with respect to the trim variables.  The transposed spline matrix [ ]TG  transfers the 

aerodynamic forces from the aerodynamic grids to the structural grids.  Therefore, 
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⎡
∂
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a
f  but at the 

structural grids. 
 
The trim variables can generally be defined as the parameters that can be controlled by the pilot or the flight 
control system to generate the aerodynamic forces.  The distributed inertial forces are a result of the aircraft 
acceleration, i.e. 
 
 { } [ ]{ }uMFI && =  (13.5) 
 
where 
 
 [ ]M  is the structural mass matrix 
 { }u&&  is the acceleration vector that includes the accelerations of the structural deformation   

      and the vector due to the rigid body accelerations. 
 
The inertial forces due to the accelerations of the structural deformation are not considered here since they 
belong to the so-called “dynamic loads” problem.  The inertial forces due to the rigid body accelerations can be 
related to the acceleration of the rigid body motions by the rigid body modes such as 
 

 { } [ ][ ]{ }rI uDMF &&  =  (13.6) 
 
where 
 

 [ ]D  is the rigid body modes 
 { }ru&&  are the accelerations of the rigid body motion that are also defined as the  

        accelerations of the “trim degrees-of-freedom.” 
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These accelerations consist of six degrees-of-freedom: 
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where X&& , Y&& , and Z&&  are the translational accelerations along the x, y, and z directions, respectively. p& , q& , 
and r&  are the angular acceleration about the x, y, and z directions.  Substituting Eqs 13.3, 13.4 and 13.6 into Eq 
13.1 yields 
 

 [ ]{ } [ ][ ]{ } [ ]{ } { }a
a
fXuDMXK r          ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂=−+ ∞ AICq&&  (13.8) 

 
The trim degrees-of-freedom and the trim variables can generally be separated into two groups.  The first group 
consists of those trim degrees-of-freedom and trim variables whose values are given.  Thus, the “given 
maneuver condition” is defined by those given degrees-of-freedom and given trim variables.  The remaining 
trim degrees-of-freedom and trim variables are the unknowns that are solved by using the equilibrium 
conditions between the aerodynamic forces and the inertial forces.  Solving such an equilibrium condition is 
called a “trim analysis”. 
 
13.1 Modal Approach 
 

The stiffness matrix [ ]K  of a free-free structure is generally singular.  Removing such singularities requires 
special treatment of Eq 13.8.  MSC.NASTRAN employs the so-called “direct method” (Ref 13.1) in which the 
structural degrees-of-freedom associated with the structural deformation vector { }X  are partitioned into the r-set 
(supported) and l-set (left over) degrees-of-freedom.  The r-set degrees-of-freedom are solved based on the 
equilibrium condition of the rigid body motions.  Since the stiffness matrix associated with the l-set degrees-of-
freedom is no longer singular, the matrix equation associated with the l-set degrees-of-freedom can be solved 
directly. 
 

The direct method is an exact approach.  But for a realistic structure the size of the matrices associated with the 
l-set degrees-of-freedom can be very large.  In addition, these matrices are asymmetric and fully populated.  
Thus, the direct method can become very computationally expensive for a large structural model. 
 

Instead of the direct approach, the ZAERO static aeroelastic/trim analysis uses the so-called modal approach 
that approximates the structural deformation by: 
 

 { } [ ]{ }qX e    φ=  (13.9) 
 
where [ ]eφ  is the elastic modal matrix whose columns contain the natural modes of the structure (excluding the 
rigid body modes).  For a structural finite element model of a realistic aircraft configuration, numerical 
experience has shown that the lowest fifty elastic natural modes are sufficient to achieve a converged solution.   
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The exclusion of rigid body modes from the modal matrix is based on the fact that the rigid body modes cannot 
produce internal loads.  Substituting Eq 13.9 into Eq 13.8 and pre-multiplying the resultant equation by [ ]TD  
yields  
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 (13.10) 
 
where the first term on the left-hand-side of Eq 13.10 vanishes due to the orthogonality of [ ]D  and [ ]eφ .  

[ ] [ ] [ ][ ]DMDMrr
T=  is the 6 x 6 rigid body matrix.  Substituting Eq 13.9 into Eq 13.8, and this time pre-

multiplying the resultant equation by [ ]eφ  gives: 
 
 [ ] [ ] [ ][ ]{ } [ ][ ]{ } [ ] { }a

a
fqQuDMK eeereee ⎥
⎦

⎤
⎢
⎣

⎡
∂
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TT               q&&  (13.11) 

 
where 
 

 [ ] [ ] [ ][ ]eeee KK φφ=  T  is the generalized stiffness matrix of the elastic modes 
 [ ] [ ][ ]DMe

Tφ  vanishes, again, due to the orthogonality of [ ]D  and [ ]eφ  
and [ ] [ ] [ ][ ]eeeeQ φφ=      T AIC  is the generalized aerodynamic force matrix. 
 
Eq 13.11 suggests that an immediate solution of the generalized coordinates { }q  can be obtained by inverting 
the left-hand-side matrix of Eq 13.11: 
 

 { } [ ] [ ][ ] [ ] { }a
a
fQKq eeeee ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂φ−= −

∞
T1    q  (13.12) 

 
However, the matrix can be inverted provided that it is not singular.  A singular matrix would occur if the given 
dynamic pressure is at the divergence dynamic pressure of the structure.  The divergence dynamic pressure is 
the lowest real and positive eigenvalue lowestλ  of the left-hand-side matrix 
 

 [ ] [ ][ ]{ } 0     =λ− qQK eeee lowest  (13.13) 
 
Therefore, Eq 13.13 is first solved for lowestλ  to ensure the given dynamic pressure from not exceeding the 
divergence dynamic pressure.  Substituting Eq 13.12 into Eq 13.10 gives 
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where 
 

0
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is the so-called “incremental elastic force derivative matrix” and 
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For a given flight maneuver condition, i.e., a given set of 

gu&&  and ga , where 
gu&&  denotes the given accelerations 

of the trim degrees-of-freedom and ga  denotes the given trim variables, it is required to solve the remaining 
unknown trim degrees-of-freedom { }uu&&  and trim variable { }ua .  Solving such a problem is called a “trim 
analysis”. 
 
13.2 Trim Analysis 
 

By examining the right-hand-side matrices of Eq 13.14, one can see that the coefficients of the matrix [ ]RS  are 
the dimensional aerodynamic stability derivatives of the rigid aircraft.  For example, if the angle-of-attack α is 
defined as a trim variable, the coefficients in its corresponding column of [ ]RS  are  
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where 
 

αdC , 
αyC , 

αLC , 
αl

C , 
αmC , and 

αnC  are the non-dimensional drag, side force, lift, roll moment, pitch 

moment, and yaw moment, respectively, aerodynamic stability derivatives with respect to α.  Note that 
for a symmetric configuration about the x-z plane, 

αyC =
αl

C =
αnC =0. 

 
and 
 S is the reference area, c is the reference chord, and b is the reference span. 
 
Therefore, instead of using the program computed aerodynamic stability derivatives of the rigid aircraft, Eq 
13.14 suggests that the wind-tunnel-measured [ ]RS  can be imported into Eq 13.14 for more accurate analyses. 
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For a given set of trim degrees-of-freedom of gu&& , and set of trim variables ga , Eq 13.14 can be partitioned into: 
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where the subscript u denotes that the matrix/vector is associated with the unknown trim degrees-of-freedom 
and trim variables, whereas, the subscript g denotes the given trim degrees-of-freedom and trim variables. 
 
Eq 13.17 establishes the equations of motion of a “trim system” that is based on the equilibrium condition 
between the inertial forces and the aerodynamic forces of the rigid body degrees-of-freedom.  By rewriting Eq 
13.17 into the following general form 
 

 [ ]{ } [ ]{ }YBXA       =  (13.18) 
 
one can see that three possible conditions exist for solving Eq 13.18 in which each condition requires a different 
solution technique. 
 

• If the number of unknown trim degrees-of-freedom uu&&  and unknown trim variables ua  (the total number 

of unknowns) equals the number of trim degrees-of-freedom, then [ ]A  is a square matrix and the solution 
of Eq 13.18 can immediately be obtained as follows: 

 

 { } [ ] [ ]{ }YBAX 1−=  (13.19) 
 
 This kind of system is defined as a “determined trim system”. 
 

• If the total number of unknowns is greater than the number of trim degrees-of-freedom, the trim system is 
defined as an “over-determined trim system”. Solving an over-determined trim system requires the 
minimization of an objective function which satisfies a set of constraint functions.  This solution technique 
is discussed in the next section. 

 

• If the total number of unknowns is less than the trim degrees-of-freedom, then the trim system is defined as 
an “under-determined trim system”.  This type of system is unsolvable. 

 
13.3 Solution Technique of the Over-Determined Trim System 
 

The minimization (or optimization) technique for solving the over-determined trim system can be obtained in a 
mathematical form such as: 
 

Find the set of design variables X, that minimizes an objective function 
 

 Obj(X) (13.20) 
 

subject to the constraints 
 

 ( ) 00.XG j ≤  j = 1 …Nc (13.21) 
 
 ( ) 00.XH k =  k = 1 …Ne (13.22) 
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upperiii XXX
lower

≤≤  i = 1 …Nv (13.23) 

 
where 

jG  specifies the Nc inequality constraints and kH  refers to the Ne equality constraints.  Eq 13.23 
specifies upper and lower bounds (side constraints) on each of the design variables that include both the 
unknown trim degrees-of-freedom and trim variables.  To solve such an optimization problem, many solution 
techniques are available.  In the ZAERO trim analysis, the Feasible Direction Method (Ref 13.2) is adopted. 
 

Defining the objective function can be arbitrary but it must relate to the physical quantities of the trim system.  
These physical quantities are defined as the “trim functions” whose values are dependent on the trim degrees-
of-freedom or the trim variables.  Typical examples of trim functions are induced drag, component loads, 
stresses, displacements, etc.  It should be noted that the objective function can be specified as the sum of a set of 
trim-function-related functions.  Thus, the objective function can be written in the following general form 
 

 ( )
ien

i
iii SFCObj ∑

=
−=

1

 (13.24) 

 
where iC , 

iS  and 
ie are real coefficients and 

iF  is the value of a trim function.  Therefore, minimizing Eq 13.14 
implies that a set of trim functions is minimized simultaneously. 
 
The constraint function can also be defined in terms of the trim function.  For instance, the statement “Aileron 
hinge moment must be less than 10000 in-lbf” can be translated into two constraint functions: 
 

    ( ) 0.0    0.10000 <−δ Xh  (13.25) 
 
 ( ) 0.0    0.10000 <−− δ Xh  (13.26) 
 
Eqs 13.25 and 13.26 offer a condition that the aileron hinge moment ( )Xhδ  must be within ( –10000.0 )in-lbf 
and (10000.0) in-lbf.  The side constraints (Eq 13.23) impose the physical limits on the trim variables.  For 
example, the maximum deflection angle can be specified as the side constraints of a control surface. 
 

Eq 13.18 defines a set of equality constraints that must be satisfied for the equilibrium condition of the trim 
system.  In general, however, the inclusion of equality constraints often gives rise to numerical problems in the 
search algorithm of the optimization problem and should therefore be avoided if possible.  This can be 
accomplished by partitioning Eq 13.18 into the following equation: 
 

 [ ] [ ]{ }YB
X
X

AA 1
21     ,

2

=
⎭
⎬
⎫

⎩
⎨
⎧  (13.27) 

 
where 1A  is a square matrix with a size being equal to the number of trim degrees-of-freedom, and 2A  is a 
rectangular matrix representing the remaining matrix of A. 
 
Eq 13.27 can be rewritten as follows 
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 [ ] [ ] [ ]{ } [ ][ ][ ]     22
-1 XAYBAX 11 −=  (13.28) 

 
Eq 13.28 can then, in turn, be used to redefine the equality constraints of Eq 13.18 as two sets of inequality 
constraints, i.e. 
 
    { } { } 0    <− upper11 XX  (13.29) 

 
 { } { } 0    <−− lower11 XX  (13.30) 
 
where { }upper1X  and { }lower1X  are the vectors representing the upper and lower bounds of { }1X .  Eq 13.28 

suggests that the vector { }2X  represents a new set of design variables whose size is much less than the size of 
{ }X , rendering a reduced-order optimization problem. 
 
13.4 Force and Stress Recovery 
 

Once the unknown trim degrees-of-freedom and trim variables are solved, the rigid aerodynamic forces { }RF  
can immediately be obtained by using Eq 13.4.  The generalized coordinates { }q  can also be obtained through 
Eq 13.12.  Combining Eqs 13.3, 13.9 and 13.12 yields the incremental aerodynamic feedback forces { }fF .  The 
inertial forces { }IF  are solved by substituting the trim degrees-of-freedom into Eq 13.6.  Thus, the total 
distribution forces of the flexible aircraft can be obtained. 
 

One of the drawbacks of using the modal approach is its potential to yield erroneous stress results in cases of 
concentrated loads.  To overcome this problem, Karpel (Ref 13.3) has demonstrated that the fictitious masses 
approach can reduce the error of stresses to within 1%.  Karpel (Ref 13.4) has also suggested that the stresses 
can be obtained directly by using the so-called “modal stress” matrix, i.e. 
 
 { } [ ]{ }qSσ=σ      (13.31) 
 
where { }σ  is the vector containing the stresses of the elements in the finite element model and [ ]σS  is the modal 
stress matrix whose columns contain the stresses of each element due to the modal displacements. 
 

Many finite element methods such as MSC.NASTRAN offer the feature to output the modal stress matrix.  
Thus, the modal stress matrix can be imported into ZAERO’s static aeroelastic/trim analysis for stress 
calculation. 
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Chapter 14 
 

FORMULATION OF THE TRANSIENT 
MANEUVER LOADS ANALYSIS 

 
 
The transient maneuver loads (MLOADS) analysis computes the transient loads of the flexible structures due to 
pilot input commands.  It is formulated in the state-space form and is applicable to both open-loop and closed-
loop systems.  The formulation of the MLOADS analysis is very similar to the aeroservoelastic (ASE) analysis, 
except as follows: 
 

• The aerodynamic control surfaces involved in the ASE analysis are actuated by the control system whereas 
the MLOADS analysis involves three types of aerodynamic control surfaces:  (1) the control surfaces 
actuated by the control system, (2) the control surfaces actuated by the pilot input commands, and (3) the 
control surfaces that provides a steady-state initial trim condition prior to the pilot input. 

 

• The ASE analysis is mainly for the stability analysis of the aeroelastic system in the presence of a control 
system.  The MLOADS analysis computes the time-domain response of loads.  The computed loads are 
used to ensure the structural integrity.  Note that to perform the MLOADS analysis, it is necessary to first 
ensure that the system is stable.  The transient response analysis for an unstable system is meaningless 
because of the divergent motion.  Therefore, it is important to ensure that the flight condition of the 
MLOADS analysis is within the stability boundary of the system.  This stability boundary can be obtained 
by an ASE analysis. 

 

• The aerodynamic forces due to the pilot input commands (through the aerodynamic control surfaces) can be 
treated as the external forces.  Since the gust force is also a type of external force, the formulation of the 
MLOADS is very similar to the ASE analysis with gust (see Section 12.0).  In fact, the state-space 
equations of the MLOADS analysis are generated using the existing modules of the ASE with gust 
analysis.  This will be clearly seen in the following sections. 

 
14.1 Equations of Motion of the Aeroelastic System 
 

The time-domain matrix equations of the MLOADS analysis is very similar to Eq 8.14 and is shown as follows: 
 
 }{)}({}{][}{][}{][ 0P    P     K     B     M +=++ thhhhhhh ξξξ &&&  (14.1) 
 
Eq 14.1 is nearly identical to Eq 8.14 except for the extra term }{ 0P , which represents the gravitation forces 
and the aerodynamic forces due to the control surface deflections for trim, i.e.: 
 
 }{][}{}{ 00 trimq δ Q     g    P ∞+=  (14.2) 
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where: 

}{g  is a vector of weight and static unbalance components adjusted for the pitch and 
bank angles of the body axes, 

q∞  is the dynamic pressure, 
][ 0Q  is the generalized aerodynamic force matrix of those aerodynamic control surfaces 

that provide a steady-state initial trim condition prior to the pilot input, and 
}{ trimδ  is the control surface deflection vector which can be obtained by a trim analysis. 

 
)}({ thP  is the aerodynamic force vector which consists of three parts:  (1) the aerodynamic feedback forces 

due to structural deformation, (2) the aerodynamic forces generated by the control-system-actuated control 
surface, and (3) the aerodynamic forces generated by the control surfaces due to the pilot commands.  The 
frequency-domain counterpart of )}({ thP  can be expressed as: 
 

 ( )[ ] ( ){ } ( )[ ] ( ){ } ( )[ ] ( ){ }ωδωδωξω iikqiikqiikqi PhPchchhh  Q   -   Q   -   Q      P ∞∞∞−=)}({  (14.3) 
 
Eq 14.3 is nearly identical to Eq 8.22 except for the last term on the right hand side of Eq 14.2, where: 
 

( )[ ]ikhPQ  is the generalized frequency-domain aerodynamic forces of the control surfaces 
due to the pilot command, and 

( ){ }ωδ iP  are the deflections of the above control surfaces. 
 
The three generalized aerodynamic forces hhQ , hcQ  and hPQ  in Eq 14.3 can be cast into the rational function 

]~[ hQ  expressed in Eq 9.2.  This is achieved by either using the minimum-state technique or the Roger’s 
approximation presented in Section 9.0. 
 
14.2 State-Space Equations in the Generalized Modal Coordinates 
 
Once the rational functions of hhQ , hcQ  and hPQ  are obtained, the state-space aeroelastic equations for open-
loop response analysis can be found by the procedure described in Section 12.0.  This leads to: 
 

 }{][}{][}{][}{ aPaPaeaeaeaeae u B    u B    x A    x ++=&   (14.4) 
 
Eq 14.4 is very similar to Eq 12.4, except: 
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and 
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Similarly, the sensor-reading expression can be obtained using Eq 12.5, 
 

 }{][}{][}{][}{ aPPaaeaeaeaeae u C    u D    x C      y ++=  (14.7) 
 
The plant equations, which include the actuators becomes: 
 

 
}{][}{][}{

}{][}{][}{][}{

aPPaPPP

aPaPPPPPP

u C    x C    y
u B    u B    x A    x

+=
++=&

 (14.8) 

 
The vehicle equations of motion are obtained by connecting the plant equations with the control system.  This 
gives the vehicle equations similar to Eq 12.7: 
 

 
}{][}{][}{][}{
}{][}{][}{][}{

aPvPvvvvv

aPvPvvvvv

u C    u D    x C    y
u B    u B    x A    x

++=
++=&

 (14.9) 

 
The equations of motion of the closed-loop ASE system becomes: 
 

 }{][}{][}{ aPvPvvv u B    x A    x +=&  (14.10) 
 
where A  is the closed-loop system matrix defined in Eq 10.20, and 
 

 ][][][][][][ 1
vPvvvvvPvP C GDI G B    B    B −−+=  (14.11) 

 
The state vector }{ vx  consists of three parts: 
 

 { }T
ASE

TTT
v x      x ,,}{ ξξ &=  (14.12) 

 
where 

ξ  is the generalized coordinates defined by the structural finite element analysis, and 

{ } { }T
c

T
ac

T
a

T
ASE xxx       x ,,=  contains the aerodynamic states, the actuator states and the control 

system states. 
 
The generalized coordinates ξ  can further be divided into two parts:  the generalized coordinates of the rigid 
body modes qx  and the generalized coordinates of the elastic modes ex , i.e.: 
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e

q

x
x

      ξ  (14.13) 
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In general, there are six generalized coordinates of the rigid body modes of a free-free structure, i.e.: 
 

 { }621 ,,,}{ qqqT
q           x K=  (14.14) 

 
and they are usually defined in the principle axes computed by the structural finite element analysis.  These 
principle axes are shown in Figure 14.1.(a). 
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Figure 14.1    Transformations of the Generalized Coordinates to the  Airframe States 
 

For the ASE stability analysis, there is no requirement for the transformation of these principle axes because the 
system stability is independent of the coordinate system.  However, for the transient maneuver analysis, it is 
more convenient to transform these principle axes to the airframe states that are usually adopted by the flight 
dynamics engineers.  The advantage of doing so is twofold: 
 

• The results of the MLOADS analysis can be directly correlated with a flight dynamic analysis. 
 

• Once this transformation is established, the sub-matrix in the state-space equations associated with the 
airframe states can be replaced by the state-space equations of the flight dynamics analysis.   

 
Figure 14.1 depicts the two transformations from the principle axes to the airframe states.  These 
transformations are discussed in the next section. 
 
14.3 State-Space Equations in the Airframe States 
 

The principle axes shown in Figure 14.1.(a) and the body axes shown in Figure 14.1.(b) generally differ in a 
pitch rotation angle.  A refinement that accounted for body axes rotation relative to the principle axes was 
developed by Rodden and Love (Ref 14.1) for the unaugmented aircraft and by Winther et al. (Ref 14.2) for a 
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control configuration system.  In the present MLAODS analysis, a rather straightforward approach adopts the 
concept of the R-set degrees of freedom of MSC.NASTRAN using the SUPORT NASTRAN bulk data input.  
For six R-set degrees of freedom, one can define a 6 x 6 matrix Rp containing the 6 rigid body modes in the 
principle axes and a 6 x 6 matrix RB containing the 6 rigid body modes in the body axes.  Once Rp and RB are 
obtained, the transformation from the principle axes to the body axes is simply: 
 

 { } { }RBpq RR x      x ][][ 1−=  (14.15) 
 
Eq 14.15 is applied to both the mode shape and the generalized mass matrix that are imported from the 
structural finite element analysis.  In fact, this transformation is performed for all disciplines (flutter, TRIM, 
ASE, MLOADS, …, etc.) so that their rigid body degrees of freedom are all consistently defined in the body 
axes. 
 
For a symmetric flight condition, there are generally six airframe states denoted as { }, q, u, x, h, AS αθx , 
where: 
 

x is the perturbed forward position (positive forward), 
h is the perturbed altitude (positive upward), 
θ is the perturbed Euler pitch angle (positive nose up), 
u is the perturbed forward velocity (positive forward), 
α is the perturbed angle of attack, and 
q is the perturbed pitch rate (positive nose up). 

 
The transformation matrix that relates ASx  to Rx  reads: 
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 (14.16) 

 

where ∞V  is the freestream velocity 
 
Instead of α, some flight dynamics engineers select the perturbed vertical velocity w as the airframe state.  In 
this case, the zT&  equation is modified as follows: 
 

 θ         ∞+−= VwTz
&  (14.17) 

 
For the anti-symmetric flight condition, ASx  contains the anti-symmetric airframe states denoted as 

{ }ψφβ , , p, r, y, ASx , where: 
 

y is the perturbed lateral position (positive toward the pilots right hand side), 
β is the perturbed side slip angle, 
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p is the perturbed roll rate (positive left wing up), 
r is the perturbed yaw rate (positive nose toward the pilot’s right hand side), 
φ is the perturbed Euler roll angle (positive left wing up), and 
ψ is the perturbed Euler azimuth angle (positive nose toward the pilot’s right hand side). 

 
The transformation matrix relating the ASx  to Rx  reads: 
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If the lateral velocity v is selected (instead of β ) as the airframe state, yT&  is modified as 
 

 ψ         ∞+= VvTy
&  (14.19) 

 
Note that for an asymmetric maneuver condition, the transformation is a 12 x 12 matrix containing Eqs 14.16 
and 14.18 as the sub-matrices. 
 
Applying the transformation matrix to Eq 14.10 yields the following general state-space equations: 
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where 
 { } { }T

c
T

a
T

e
T

e
T xxxx &&  , , ,        x =ξ  (14.21) 

and 
RRA  , ξRA , ξξA , RRB  and ξRB  are the sub-matrices of the state-space system matrices resulting 

from the transformation. 
 
It should be noted that by excluding the elastic modal states, Eq 14.20 is reduced to the same form as that of the 
flight dynamics which normally do not account for the structural flexibility effects.  This suggests that, 
theoretically, these reduced state-space equations should provide the same results as those of the flight 
dynamics.  However, in practice this may not be the case because the aerodynamics computed by the ZAERO 
module is accurate only for small disturbance such as low angles of attack.  On the other hand, the 
aerodynamics involved in the flight dynamic analysis are usually obtained by experiments.  Therefore, 
discrepancies are expected between these two sets of results. 
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However, since the rigid body degrees of freedom of Eq 14.20 are in the airframe states that have the same 
definition as those of the flight dynamics, the sub-matrices RRA  and RRB  in Eq 14.20 can be replaced by the 
state-space matrices of the flight dynamics.  This can ensure that the results computed by Eq 14.20 are in good 
agreements with the flight dynamic analysis if the structural elastic states { }ex  are excluded.  This also 
indicates that, when the structural elastic states { }ex  are included, Eq 14.20 generalizes the rigid body 
dynamics and the structural elastic dynamics and includes the flight dynamics as a special case. 
 
14.4 Time Integration Scheme of the State-Space Equations 
 

Eq 14.20 is a continuous time-domain state-space equation which can be solved by various numerical time 
integration techniques.  In the MLOADS analysis, the method developed by Källström (Ref 14.3), is employed 
which converts the continuous state-space equation to a discrete state-space equation such as: 
 
 nnn }{][}{][}{ 1 u B    x A    x +=+  (14.22) 
 
where A  and B  are the discrete time-domain system matrices and n is the index of the time step increments. 
 
Once Eq 14.22 is at hand, the solution of states can be obtained immediately by discretizing the input }{u  into a 
series of n}{u  with a constant time interval.  The transformations presented in Eqs 14.16 and 14.18 are then 
used to transform the airframe states to the generalized modal coordinates.  Finally, the forces and stresses at the 
structural finite element grid points can be computed by a procedure similar to that described in Section 13.4. 
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Chapter 15 
 

FORMULATION OF THE TRANSIENT 
EJECTION LOADS ANALYSIS 

 
 
The function of the transient ejection loads (ELOADS) analysis is to compute the transient response of 
structures subjected to external time-dependent excitation forces such as jettison forces experienced due to the 
ejection of stores.  Jettison forces generated during a rapid store ejection from an aircraft can create significant 
dynamic loads, which can be further amplified by aeroelastic effects.  Because rapid ejection forces can excite a 
wide range of structural frequencies, the unsteady aerodynamics covering the entire frequency range must be 
included in such a transient response analysis. 
 

For a fly-by-wire aircraft, the flight control system can interact with the aircraft structural as well as rigid body 
modes to further amplify the structural response.  For instance, because of the sudden reduction of the aircraft 
weight due to separation of the store from the aircraft, the flight control system can automatically re-trim the 
aircraft by actuating the aerodynamic control surfaces.  This can add additional dynamic loads to the structures. 
 

The transient ejection loads (ELOADS) analysis solves a set of state-space equations that are conceptually very 
similar to the transient maneuver loads (MLOADS) analysis.  However, there are two fundamental differences 
in the formulation between ELOADS and MLOADS.  Because of the change of the aircraft weight due to the 
separation of the store from the aircraft, the structural mass matrix becomes time-varying.  However, this time-
varying structural mass matrix can be discretized into several piece-wisely constant matrices according to the 
ejection time (the time when the store separation starts).  For multiple store separations occurring in a sequential 
order, the entire time integration computation can be divided by these ejection times breaking it up into several 
time intervals.  Within each interval, the structural matrices are constant.  Thus, the state space equations can be 
formulated directly by adopting a similar derivation presented in Section 14.0. 
 

The state-space formulation presented in Section 14.0 is based on the generalized coordinates of the structural 
modes.  This approach is also called “the Mode Displacement” (MD) method.  The MD method assumes that 
the structural deformation can be superimposed by a set of low-frequency natural vibration modes.  This would 
be a good assumption only if the external loads are distributed loads and contain no concentrated forces.  Since 
the forces generated by the aerodynamic control surface are usually distributed loads, the MD method will 
usually yield acceptable accuracy in the MLOADS analysis results.  But this is not the case for the ELOADS 
analysis when the ejection forces are generally local and impulsive.  These types of forces can cause local 
deformations that are not represented in the low-frequency vibration modes. 
 

There are generally two methods that can circumvent the aforementioned problem for transient response 
analysis in the presence of local impulsive excitations; namely, the mode acceleration (MA) method and the 
fictitious mass (FM) method.  The MA method, originally developed by Williams (Ref 15.1), adds the inertial 
response loads (calculated from modal accelerations) to the prescribed excitation forces.  The FM method, 
proposed by Karpel (Ref 15.2), introduces fictitious masses at excitation points when the modes are calculated, 
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which causes local deformations in the low-frequency modes.  These fictitious masses are then removed from 
the subsequent transient response analysis so that the natural frequencies of the structure remain unaltered. 
 

For structural dynamic analysis where there is no unsteady aerodynamics and control system involved, both the 
MA and FM methods can generate equivalent accurate results.  But the incorporation of the MA method for 
aeroelastic application seems not so straightforward.  It requires a major revision of the ASE state-space 
derivation discussed in Section 14.0.  On the other hand, the FM method simply requires no major modification 
of the ASE formulations.  Incorporating the FM method simply requires adding a fictitious mass at the 
structural degrees of freedom where the ejection force is applied in the structural finite element analysis.  This 
fictitious mass is then removed in the ejection loads analysis so that the natural frequencies are unchanged.  It is 
for this reason that the FM method is adopted for the present ELOADS analysis. 
 
15.1 State-Space Equation with Time-Varying Structural Matrices 
 

For multiple store ejections occurring in a sequential order, the entire time-domain simulation can be divided 
into several time intervals.  These time intervals are defined by the starting time of the simulation and the 
ejection times of the stores.  The time-varying structural matrices are discretized into a set of matrices according 
to the time intervals.  Because the structural matrices remain constant within each time interval, the time-
domain equations of motion of the ELOADS analysis are identical to those in the MLOADS analysis (Eq 14.1) 
except for one extra term that is added to the right-hand-side of Eq 14.1 to represent the ejection forces.  This is 
shown as follows: 
 

 [ ] ( ){ }tft T
hhhhhhh φξξξ     P    P     K     B     M ++=++ }{)}({}{][}{][}{][ 0

&&&  (15.1) 
 
The term [ ] ( ){ }tfTφ  on the right-hand-side of Eq 15.1 is the generalized forces of the ejection forces where [ ]φ  
is the modal matrix defined in the 6 d.o.f. of the structural grids (G-set) and ( ){ }tf  is the time history of the 
ejection forces that are applied at the structural grids.  Since ( ){ }tf  is a given function, Eq 15.1 can immediately 
be converted into the state-space equations in the generalized coordinates as 
 

 }{][}{][}{][}{ aPaPaeaeaeaeae u B    u B    x A    x ++=&   (15.2) 
 
Eq 15.2 is identical to Eq 14.4 except 
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Because Eq 15.2 and Eq 14.4 share the same expression, the discrete state-space equations can be obtained by 
the following derivatives as those presented in Section 14.0 which give 
 
 { } [ ] { } [ ] { }iii

n1n1n x   B    x   A      x += ++  (15.5) 
 
Eq 15.5 is identical to Eq 14.22 except for the addition of the superscript i that denotes the ith time interval.  
With Eq 15.5 at hand, to perform the ejection loads analysis is straightforward and only involves the switching 
from one set of discretized state-space equations to the next one according to the time intervals. 
 
15.2 The Fictitious Mass (FM) Method for the Impulsive Ejection Forces 
 

The starting point of the FM method is the matrix equation of the baseline structure (without the fictitious 
masses) that contains n degrees of freedom shown as follows: 
 
 [ ] { } [ ] { } [ ] { } { })(tfGGGGGG     u   K    u   C    u   M =++ &&&  (15.6) 
 
where [ ]GGM , [ ]GGC  and [ ]GGK  are the G-set mass, damping and stiffness matrices, respectively, and { }u  
is the G-set displacement vector. 
 
Introducing a fictitious mass matrix [ ]fM  and adding [ ]fM  to the baseline structure, the free-vibration equation 
of the fictitious system becomes: 
 
 [ ] { } [ ] { } 0    u   K    u   M  M =++ GGfGG &&  (15.7) 
 
The fictitious mass matrix [ ]fM  contains the fictitious masses assigned to their respective G-set d.o.f. which are 
selected according to the G-set d.o.f. of the excitation forces.  Note that the values of the fictitious masses 
should be large enough to cause significant local deformations at the low-frequency modes, but not too large to 
cause numerical ill-conditioning. 
 
The n x n matrix of eigenvector [ ]fφ , associated with Eq 15.7 satisfies 
 
 [ ][ ] [ ][ ][ ]2fffGGfGG ωφφ   M  M     K +=  (15.8) 
 
where [ ]2fω  is a diagonal matrix containing the natural frequencies of the fictitious system which, of course, are 
different from those of the baseline structure. 
The idea behind the FM method is to express the displacement vector { }u  in terms of a reduced nm eigenvectors 
of [ ]fφ , i.e. 
 
 { } [ ]{ }ηφ      u f=  (15.9) 
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where [ ]fφ  contains the nm low-order modes of [ ]fφ  which contains synthetic modes with relatively large local 
distortions in the vicinity of the fictitious masses.  Therefore, the structural deformations due to the local and 
impulsive ejection forces can be better represented by these synthetic modes, rendering a more accurate 
transient response solutions. { }η  is the reduced generalized coordinates. 
 

Substituting Eq 15.9 into Eq 15.6 and pre-multiplying the resulting equation by [ ]Tfφ  yields: 
 

 [ ] ( ){ }tfT
fhhhhhh φηηη      K     B     M =++ }{][}{][}{][ &&&  (15.10) 

 
where [ ] [ ]fGG

T
fhh φφ  M     M ][][ =  is the generalized mass matrix defined in the generalized coordinates }{η  

and other matrices in Eq 15.10 follow the same type of derivation as ][ hhM . 
 

Note that the natural frequencies associated with Eq 15.10, when compared to the natural frequencies of the 
baseline structure, they appear in two groups.  The low-frequency group is practically identical to the directly-
calculated natural frequencies of the baseline structure.  The high-frequency group whose number and natural 
frequencies depend on the number and magnitudes of the fictitious masses, do not represent the actual normal 
modes, but are the synthetic modes in the vicinity of the fictitious masses. 
 

The generalized coordinates associated with the high-frequency group can be excluded from Eq 15.10, 
rendering a reduced-order system whose system characteristics are practically identical to the baseline structure, 
except that it contains the modes with local deformation in the degrees of freedom of the excitation forces. 
 

Comparing Eq 15.10 with Eq 15.1, it can be seen that they both share the same type of expression.  This implies 
that the state-space equation with the FM method can immediately be obtained by following the same derivation 
of Eq 15.5.  In fact, modifying an existing program to incorporate the FM method is very straightforward.  It 
only requires the removal of the fictitious masses from the generalized mass matrix computed by the finite 
element analysis with the added fictitious masses. 
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Chapter 16 
 

TRANSIENT RESPONSE OF NONLINEAR 
OPEN/CLOSED-LOOP AEROELASTIC 

SYSTEMS: THE NLFLTR MODULE 
 
 
16.1 Introduction 
 

In the past, various techniques have been proposed by many investigators for predicting the transient response 
of an aeroelastic system that involves nonlinearities either in the structures or in the aerodynamics (Refs 16.1 
~16.19).  In general, these techniques can be classified into two categories: (1) The describing function or 
harmonic balance method, (2) the direct numerical simulation approach.  The describing function method 
assumes that the nonlinear system admits a periodic solution dominated by the fundamental harmonic, i.e. 
effects of higher harmonics are neglected.  This gives an “equivalent” linear system that is then analyzed by 
conventional means such as frequency-domain eigenanalysis.  Lee (Ref 16.9) demonstrated that the describing-
function method can be extended to handle large dynamic systems with multiple structural nonlinearities.  
However, the describing-function method is applicable only for concentrated nonlinearities like freeplay in 
control surface actuation.  For distributed nonlinearities such as large-amplitude aerodynamics, friction in 
riveted joints, etc, deriving expression of the equivalent linear systems becomes difficult. 
 

The direct simulation approach assumes that the nonlinear system can be divided into several subdomains and 
within each subdomain the system, whose transient response can be computed by a straightforward time 
integration procedure, is assumed to be linear.  The overall response of the nonlinear system is then obtained by 
switching the time-integration procedure between subdomains. 
 

The only drawback of the direct simulation approach is that the quantitative measures of the stability 
characteristics of the system cannot be directly assessed without a proper post-processing procedure. 
 

In this section, a generalized direct simulation approach for both open and closed-loop nonlinear aeroelastic 
systems is presented.  This approach is based on a “nonlinear parameter” scheme that divides the nonlinear 
systems into sub-linear systems which leads to a set of piecewise discrete time-domain state-space equations.  
In so doing, nonlinearity in structures, control system and unsteady aerodynamics can be included altogether.  
Either the discrete gust or pilot input commands can be specified as the external disturbance to excite the 
nonlinear system.  The transient response is computed based on an interpolation procedure to obtain the state-
space equations at each time step.  Once the time-domain solution of the generalized coordinates is obtained, 
the transient response of any parameters of the aeroelastic system can be computed based on the similar 
procedure described in sections 14 and 15. 
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16.2 Formulation 
 

The basic assumption of the generalized direct simulation approach is that the nonlinearities in the aeroelastic 
system are measurable using a set of system parameters; called the “nonlinear parameters” which are defined as 
Vi(ξ), i = 1, 2, …, n, where n is the number of the nonlinear parameters.  Any response of the system such as the 
displacements, velocities or acceleration at structural grid points, structural element forces, component loads, 
sensor output, actuator input, etc. can be defined as the nonlinear parameters.  This leads to the following 
equation for the nonlinear aeroelastic system expressed as a function of multiple nonlinear parameters: 
 

( )[ ] { } ( )[ ] { } ( )[ ]{ }
( ) 0n21h

n21hhn21hhn21hh
PVVVP

VVVKVVVBVVVM
+

=ξ+ξ+ξ
,,,

,,,,,,,,,
K

L&K&&L
 (16.1) 

 

where Mhh, Bhh and Khh are the generalized mass damping and stiffness matrices.   
 

Ph is the unsteady aerodynamic force vector, P0 represents the gravitation and the trim forces and ξ is the 
generalized coordinates. 
 

Comparing equation 16.1 to equation 14.2, one can see that they are identical except all the aeroelastic system 
matrices in equation 16.1 are the function of the nonlinear parameters Vi.  This suggests that if the relationships 
between Mhh, Bhh, Khh and Ph and the nonlinear parameters Vi are given, these system matrices can be generated 
at a set of distinct values of Vi.  For instance, for m distinct values of each Vi, this yields m x n sets of system 
matrices that correspond to m x n distinct values of the nonlinear parameters, denoted as ijV , i = 1, 2, …,n and j 

= 1, 2, …, m.  At each ijV , it is assumed that the aeroelastic system is locally linear, i.e. Mhhij, Bhhij, Khhij and Phij 

are constant.  By following the same procedure discussed in section 14 for each ijV , a m x n set of discrete 

time-domain state-space equations can be immediately obtained and shown as follows: 
 
 

{ } { } { }kijkij1k uBXAX ][][ +=+  (16.2) 
 

where k is the index of the time increments, {X} is the state vector containing the structural states, the 
aerodynamic states, the actuator state and the control system states and {u} is the external disturbance due to the 
pilot’s input command or the discrete gust.  Note that if the discrete gust is employed as the external 
disturbance, the matrix [ B ] is obtained based on the procedure presented in section 12. 
 
At each time step during the time integration computation, the values of ijV  are also calculated.  Based on the 

values of ijV , [ A ] and [ B ] matrices are updated by an interpolation scheme through the m x n set of [ A ]ij and 

[ B ]ij.  These updated [ A ] and [ B ] matrices are used for computing the transient solution of the next time step.  
The detailed solution procedure is discussed in the following section. 
 
16.3 Solution Procedure 
 

Figure 16.1 shows a block diagram of the solution procedure for the transient response of the nonlinear 
aeroelastic system.  This solution procedure can be generally divided into two parts; the preface phase and the 
time integration computation. 
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Fig 16.1  Solution Procedure of the Transient Response of Nonlinear Aeroelastic System 

 
 
In the preface phase, the system matrices Khhij, Mhhij, Bhhij and Qhhij are first imported externally for each 
nonlinear parameters, ijV .  Next, the discrete time-domain ijA  and ijB  matrices associated with each ijV  are 

computed by invoking the ASE module.  The final step of the preface phase is to store ijA  and ijB  matrices on 

the run-time database. 
 
To start the time integration computation for transient response, it is required to specify the initial condition in 
terms of the trim solution.  This trim solution can be obtained by performing a trim analysis.  One part of the 
trim solution is the generalized coordinate {ξ} which is used as the initial values of ξ at t=0 for the time 
integration computation.  In addition, the external disturbance must be defined either using the pilot’s input 
command or the discrete gust. 
 
At each time step during the time integration computation, the values of the nonlinear parameters ijV  are 

computed.  These values are used to obtain A  and B matrices by the interpolation through ijA  and ijB  

matrices that are retrieved from the run-time database.  The A  and B  matrices are then used as the system 

matrices of the discrete time-domain state-space equation to compute the transient solution of the next time 
step.  Meanwhile, the transient solution of other parameters of interest such as component loads, element forces, 
grid point accelerations, etc, can be computed.  The time integration computation terminates when it reaches its 
final values. 
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16.4 Issues of Modal Approach for Nonlinear Aeroelastic System 
 
Equation 16.1 is derived based on the modal approach in which the physical coordinate {h} is expressed in 
terms of the generalized coordinate {ξ} through the lower order normal modes of the structure [φ]; i.e.,  
 

 {h} = [φ] {ξ} (16.3) 
 

For linear aeroelastic analysis, the modal approach is a standard practice.  However, for nonlinear aeroelastic 
analysis, equation 16.3 gives rise to an immediate technical issue regarding the selection of one set of modes 
that can best represent the physical coordinates in the entire nonlinear response domain.  For instance, control 
surface with freeplay in the pitch degree of freedom can experience an abrupt change of the shape of the 
deformation when the pitch degree of freedom reaches the freeplay values; from a rigid body pitch deformation 
to a clamped torsion deformation.  Apparently, neither the modes of the control surface with free-free pitch 
degree of freedom nor with the clamped degree of freedom alone can be superimposed to accurately represent 
both the rigid body pitch deformation and the clamped torsion deformation simultaneously. 
 
To circumvent this technical issue, it is recommended that the fictitious mass method described in Section 15.2 
be employed to produce normal modes as the generalized coordinates in the nonlinear aeroelastic analysis.  For 
the control surface with freeplay case discussed above, the best normal modes that can accurately represent both 
the rigid body pitch deformation and the clamped torsion deformation are those of the structures with free-free 
pitch degree of freedom but with a large mass attached to the pitch degree of freedom.  This type of structures 
will produce a rigid body pitch mode because of the free-free pitch degree of freedom.  However, it will also 
produce a mode that is nearly the same as the clamped torsion mode because of the large mass at the pitch 
degree of freedom.  Of course, this large mass should be removed after the modes are generated using the 
procedure discussed in section 15.2 so that the natural frequencies of the structure remain nearly unaltered. 
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